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1. Ââåäåíèå

Ïóñòü D � åäèíè÷íûé êðóã êîìïëåêñíîé ïëîñêîñòè, à T � åãî ãðàíèöà. ×åðåç
H(D) îáîçíà÷èì ìíîæåñòâî ãîëîìîðôíûõ ôóíêöèé â D. Äëÿ èçìåðèìîé â D
ôóíêöèè f(z) = f(rζ) åå èíòåãðàëüíûå ñðåäíèå ïîðÿäêà p îáîçíà÷àþòñÿ, êàê
îáû÷íî, ÷åðåç

Mp(f ; r) =
∥∥f(r·)∥∥

Lp(T;dm)
, 0 ≤ r < 1, 0 < p ≤ ∞,

ãäå dm � ìåðà Ëåáåãà íà îêðóæíîñòè T. Ñåìåéñòâî ãîëîìîðôíûõ ôóíêöèé f(z),
äëÿ êîòîðûõ ‖f‖Hp = sup

0<r<1
Mp(f ; r) < +∞, åñòü îáû÷íîå ïðîñòðàíñòâî Õàðäè

Hp. Êâàçèíîðìèðîâàííîå ïðîñòðàíñòâî H(p, q, α)
(
0 < p, q ≤ ∞, α > 0

)
� ýòî

ìíîæåñòâî òåõ ôóíêöèé f(z), ãîëîìîðôíûõ â êðóãå D, äëÿ êîòîðûõ êîíå÷íà
êâàçèíîðìà

‖f‖p,q,α =





(∫ 1

0

(1− r)αq−1Mq
p (f ; r)dr

)1/q

, 0 < q < ∞,

sup
0<r<1

(1− r)αMp(f ; r), q = ∞.

Ïðîñòðàíñòâà H(p, q, α) ñî ñìåøàííîé íîðìîé òåñíî ñâÿçàíû ñî ìíîãèìè èçâåñòíûìè
ôóíêöèîíàëüíûìè ïðîñòðàíñòâàìè òàêèìè, êàê âåñîâûå ïðîñòðàíñòâà Õàðäè
(q = ∞), àíàëèòè÷åñêèå ïðîñòðàíñòâà Áåñîâà, Ñîáîëåâà, Áëîõà, Äèðèõëå è äð.,
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ñì. [1], [2]. Åñëè (1−r)αMp(f ; r) = o(1) ïðè r → 1−, òî ãîâîðÿò, ÷òî ãîëîìîðôíàÿ
ôóíêöèÿ f ïðèíàäëåæèò ìàëîìó ïðîñòðàíñòâó H0(p,∞, α).

Ñèìâîëû C(α, β, . . . ), cα è ò.ï. âñþäó áóäóò îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå,
âîçìîæíî ðàçëè÷íûå â ðàçíûõ ôîðìóëàõ è çàâèñÿùèå òîëüêî îò óêàçàííûõ
ïàðàìåòðîâ α, β, . . . . Ñèìâîë A ≈ B îçíà÷àåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå
ïîñòîÿííûå C1 è C2 (íåñóùåñòâåííûå ïî ñâîèì çíà÷åíèÿì) òàêèå, ÷òî C1|A| ≤
|B| ≤ C2|A|.

Ëåììà 1. Ïóñòü f ∈ H(p, q, α) äëÿ íåêîòîðûõ 0 < p ≤ ∞, 0 < q < ∞, α > 0, è
fρ(z) = f(ρz) � ðàñòÿíóòàÿ ôóíêöèÿ. Òîãäà ‖f − fρ‖p,q,α = o(1) ïðè ρ → 1−.

Äîêàçàòåëüñòâî ëåììû äîâîëüíî ñòàíäàðòíî, è åãî ìîæíî íàéòè, íàïðèìåð, â [3,
Prop. 2.3], ñì. òàêæå [4] ïðè p = q.

Ëåììà 2. Ïóñòü α > 0, p > 0, ak ≥ 0, Ik =
{
j ∈ N; 2k ≤ j < 2k+1

}
, k = 1, 2, . . . .

Òîãäà
∫ 1

0

(1− r)α−1

( ∞∑

k=1

akrk

)p

dr ≈
∞∑

k=0

1
2αk


∑

j∈Ik

aj




p

,

ãäå ó÷àñòâóþùèå â äâóñòîðîííåé îöåíêå ïîñòîÿííûå Ci = Ci(p, α), i = 1, 2

çàâèñÿò òîëüêî îò p è α.

Ëåììà 3. Ïóñòü p > 0, ak ≥ 0, N ∈ N. Òîãäà

min{1, Np−1}
(

N∑

k=1

ap
k

)
≤

(
N∑

k=1

ak

)p

≤ max{1, Np−1}
(

N∑

k=1

ap
k

)
.

Ëåììà 2 äîêàçàíà Ìàòåëüåâè÷åì è Ïàâëîâè÷åì [5], à Ëåììà 3 ÿâëÿåòñÿ ñëåäñòâèåì
íåðàâåíñòâà Ãåëüäåðà.

Ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {mk}∞k=0 íàçûâàåòñÿ ëàêóíàðíîé (ïî
Àäàìàðó), åñëè ñóùåñòâóåò ïîñòîÿííàÿ λ > 1 òàêàÿ, ÷òî mk+1

mk
≥ λ äëÿ âñåõ k =

0, 1, 2, . . . . Ñîîòâåòñòâóþùèé ñòåïåííîé ðÿä íàçûâàåòñÿ ëàêóíàðíûì. Êëàññè÷åñêàÿ
òåîðåìà Ïýëè õàðàêòåðèçóåò ëàêóíàðíûå ðÿäû â ïðîñòðàíñòâàõ Õàðäè.

Òåîðåìà A. (Ïýëè, [6, Ãëàâà V, Òåîðåìà 8.20]) Ïóñòü
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ
ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü, è f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ
ñõîäÿùèìñÿ ëàêóíàðíûì ðÿäîì f(z) =

∞∑
k=0

akzmk . Òîãäà äëÿ ëþáîãî p, 0 < p < ∞,
ôóíêöèÿ f ïðèíàäëåæèò êëàññó Õàðäè Hp òîãäà è òîëüêî òîãäà, êîãäà {ak} ∈
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`2. Áîëåå òîãî, ñîîòâåòñòâóþùèå íîðìû ýêâèâàëåíòíû:

‖f‖Hp ≈
( ∞∑

k=0

∣∣ak

∣∣2
)1/2

.

Ëàêóíàðíûå ðÿäû â êëàññè÷åñêèõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, òàêèõ êàê
ïðîñòðàíñòâà Áëîõà, Áåñîâà, Äèðèõëå, Q-ïðîñòðàíñòâà, øèðîêî èçó÷àëèñü â ïîñëåäíåå
âðåìÿ, ñì. [7]�[17]. Â íåäàâíåé ðàáîòå àâòîðà [18] äîêàçàíà âåðñèÿ ñëåäóþùåé
òåîðåìû (äëÿ âûñøèõ ðàçìåðíîñòåé ñì. [19]), êîòîðàÿ õàðàêòåðèçóåò ëàêóíàðíûå
ðÿäû â âåñîâûõ ïðîñòðàíñòâàõ Õàðäè�Áëîõà.

Òåîðåìà B. ([18], [19]) Ïóñòü
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü,
α > 0, è f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ ñõîäÿùèìñÿ ëàêóíàðíûì
ðÿäîì f(z) =

∞∑
k=0

akzmk . Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(a) f(z) ∈ H(∞,∞, α);
(b) f(z) ∈ H(p,∞, α) äëÿ íåêîòîðîãî p ∈ (0,∞);
(c) f(z) ∈ H(p,∞, α) äëÿ âñåõ p ∈ (0,∞);
(d) supk≥0

|ak|
mα

k
< +∞.

Áîëåå òîãî, ñîîòâåòñòâóþùèå íîðìû ýêâèâàëåíòíû:

‖f‖∞,∞,α ≈ ‖f‖p,∞,α ≈ sup
k≥0

|ak|
mα

k

.

Îñíîâíàÿ öåëü íàñòîÿùåé ñòàòüè � ðàñïðîñòðàíèòü Òåîðåìó B íà âñå çíà÷åíèÿ
q ∈ (0,∞), ò.å. íà ñëó÷àé ïðîñòðàíñòâ ñî ñìåøàííîé íîðìîé H(p, q, α). Â êà÷åñòâå
ïðèëîæåíèÿ, çàòåì ìû âûâîäèì òî÷íûå ïîòî÷å÷íûå îöåíêè ëàêóíàðíûõ ðÿäîâ
èç H(p, q, α).

2. Îñíîâíûå ðåçóëüòàòû

Íåäàâíî Ñòåâè÷ [14, 15] ïîëó÷èë õàðàêòåðèçàöèþ ëàêóíàðíûõ ðÿäîâ è èõ
ïðîèçâîäíûõ â H(p, q, α) äëÿ êîíå÷íûõ çíà÷åíèé p. Íèæå â Òåîðåìàõ 1 è 2
ìû îáîáùàåì è óòî÷íÿåì åãî ðåçóëüòàòû ñ èñïîëüçîâàíèåì äðîáíîãî èíòåãðî-
äèôôåðåíöèðîâàíèÿ ïðîèçâîëüíîãî ïîðÿäêà.

Òåîðåìà 1. Ïóñòü 0 < q < ∞, α > 0,
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ
ïîñëåäîâàòåëüíîñòü, è f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ ñõîäÿùèìñÿ
ëàêóíàðíûì ðÿäîì f(z) =

∞∑
k=0

akzmk . Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(a) f(z) ∈ H(∞, q, α);
(b) f(z) ∈ H(p, q, α) äëÿ íåêîòîðîãî p ∈ (0,∞);
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(c) f(z) ∈ H(p, q, α) äëÿ âñåõ p ∈ (0,∞);
(d)

∞∑
k=0

|ak|q
mαq

k
< +∞.

Áîëåå òîãî, ñîîòâåòñòâóþùèå íîðìû ýêâèâàëåíòíû:

‖f‖∞,q,α ≈ ‖f‖p,q,α ≈
( ∞∑

k=0

|ak|q
mαq

k

)1/q

.

Äîêàçàòåëüñòâî. Èìïëèêàöèÿ (a)⇒(b) î÷åâèäíà ââèäó ýëåìåíòàðíîãî âëîæåíèÿ
H(∞, q, α) ⊂ H(p, q, α).
Èìïëèêàöèÿ (b)⇒(c) ñëåäóåò èç íåðàâåíñòâ Ïýëè Òåîðåìû A, êîòîðàÿ óòâåðæäàåò,
÷òî Mp(f ; r) ≈ Ms(f ; r) äëÿ ëþáîãî s, 0 < s < ∞. Äîêàæåì èìïëèêàöèþ (c)⇒(d).
Ïî óñëîâèþ (c), â ÷àñòíîñòè, èìååì f(z) ∈ H(2, q, α). Òîãäà ïî Ëåììàì 2 è 3

‖f‖q
2,q,α =

∫ 1

0

(1− r)αq−1

(∫ π

−π

|f(reiθ)|2 dθ

2π

)q/2

dr =

=
∫ 1

0

(1− r)αq−1




∫ π

−π

∣∣∣∣∣
∞∑

k=0

akrmkeimkθ

∣∣∣∣∣

2
dθ

2π




q/2

dr ≥

≥ C

∫ 1

0

(1− r)αq−1

( ∞∑

k=0

|ak|2r2mk

)q/2

dr ≥

≥ C

∫ 1

0

(1− r)αq−1

( ∞∑

k=0

|ak|2rmk

)q/2

dr ≥ C

∞∑

k=0

1
2kαq


 ∑

mj∈Ik

|aj |2



q/2

≥

≥ C

∞∑

k=0

1
2kαq


 ∑

mj∈Ik

|aj |q

 ≥ C

∞∑

k=0


 ∑

mj∈Ik

|aj |q
mαq

j


 = C

∞∑

k=0

|ak|q
mαq

k

,

ãäå C = C(p, q, α, λ).
Äëÿ äîêàçàòåëüñòâà èìïëèêàöèè (d)⇒(a), âíîâü ïðèìåíèì Ëåììû 2 è 3, ó÷èòûâàÿ,
÷òî êîëè÷åñòâî öåëûõ ÷èñåë mj , ñîäåðæàùèõñÿ â èíòåðâàëå Ik, íå ïðåâûøàåò
N = 1 + [logλ 2],

‖f‖q
∞,q,α =

∫ 1

0

(1− r)αq−1Mq
∞(f ; r)dr =

=
∫ 1

0

(1− r)αq−1

(
sup

θ∈(−π,π)

∣∣∣∣∣
∞∑

k=0

akrmkeimkθ

∣∣∣∣∣

)q

dr ≤

≤ C

∫ 1

0

(1− r)αq−1

( ∞∑

k=0

|ak|rmk

)q

dr ≤
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≤ C

∞∑

k=0

1
2kαq


 ∑

mj∈Ik

|aj |



q

≤ C

∞∑

k=0

1
2kαq


 ∑

mj∈Ik

|aj |q

 ≤

≤ C

∞∑

k=0


 ∑

mj∈Ik

|aj |q
mαq

j


 = C

∞∑

k=0

|ak|q
mαq

k

,

ãäå C = C(q, α, λ). Ýòî çàâåðøàåò äîêàçàòåëüñòâî Òåîðåìû 1. ¤

Îïðåäåëèì îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ

D−αf(z) =
∞∑

k=0

Γ(k + 1)
Γ(k + 1 + α)

akzk, z ∈ D, α > 0,

Dαf(z) =
∞∑

k=0

Γ(k + 1 + α)
Γ(k + 1)

akzk, z ∈ D, α > 0,

ñð. [2], [20, Ðàçäåë 22, (22.51)].

Òåîðåìà 2. Ïóñòü 0 < q < ∞, α > 0, β ∈ R, {
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ
ïîñëåäîâàòåëüíîñòü, f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ ñõîäÿùèìñÿ
ëàêóíàðíûì ðÿäîì f(z) =

∑∞
k=0 akzmk . Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(a) Dβf(z) ∈ H(∞, q, α);
(b) Dβf(z) ∈ H(p, q, α) äëÿ íåêîòîðîãî p ∈ (0,∞);
(c) Dβf(z) ∈ H(p, q, α) äëÿ âñåõ p ∈ (0,∞);
(d)

∑∞
k=0

|ak|q
m

(α−β)q
k

< +∞.

Áîëåå òîãî, ñîîòâåòñòâóþùèå íîðìû ýêâèâàëåíòíû:

‖Dβf‖∞,q,α ≈ ‖Dβf‖p,q,α ≈
( ∞∑

k=0

|ak|q
m

(α−β)q
k

)1/q

.

Äîêàçàòåëüñòâî. Ðàçëîæåíèå â ðÿä ôóíêöèè Dβf(z) òàêæå ëàêóíàðíî. Ïîýòîìó,
ìû ìîæåì ïðèìåíèòü Òåîðåìó 1 ê êàæäîé èç ôóíêöèé

Dβf(z) =
∞∑

k=0

Γ(mk + 1 + β)
Γ(mk + 1)

akzmk ,

D−βf(z) =
∞∑

k=0

Γ(mk + 1)
Γ(mk + 1 + β)

akzmk .

Äàëåå, ôîðìóëà Ñòèðëèíãà óòâåðæäàåò, ÷òî äëÿ β > 0

Γ(mk + 1 + β)
Γ(mk + 1)

∼ mβ
k ïðè k →∞.
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Ñëåäîâàòåëüíî,

‖Dβf‖q
p,q,α ≈

∞∑

k=0

(
Γ(mk + 1 + β)

Γ(mk + 1)

)q |ak|q
mαq

k

≈
∞∑

k=0

|ak|q
m

(α−β)q
k

.

¤

Çàìå÷àíèå 1. Ëåãêî âèäåòü, ÷òî Òåîðåìà 2 îñòàåòñÿ âåðíîé, åñëè ìû çàìåíèì
îïåðàòîð Ðèìàíà�Ëèóâèëëÿ Dβ íà äðîáíûé îïåðàòîð Àäàìàðà

Fαf(z) =
∞∑

k=0

(1 + k)αakzk, z ∈ D, α ∈ R.

Çàìå÷àíèå 2. Ïîäñòàâëÿÿ β−α âìåñòî α, óáåæäàåìñÿ, ÷òî Òåîðåìà 2 ïîêðûâàåò
âñå ïðîñòðàíñòâà Áåñîâà è îáîáùàåò ïðåäûäóùèå àíàëîãè÷íûå ðåçóëüòàòû èç
[7, 8, 13, 17].

Òåîðåìû A è B äîïóñêàþò àíàëîãè÷íûå îáîáùåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè,
äîêàçàòåëüñòâà êîòîðûõ ìû îïóñòèì.

Òåîðåìà 3. Ïóñòü
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü,
β ∈ R, è f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ ñõîäÿùèìñÿ ëàêóíàðíûì
ðÿäîì f(z) =

∞∑
k=0

akzmk . Òîãäà äëÿ ëþáîãî p, 0 < p < ∞, ôóíêöèÿ Dβf ïðèíàäëåæèò

êëàññó Õàðäè Hp òîãäà è òîëüêî òîãäà, êîãäà {mβ
kak} ∈ `2. Áîëåå òîãî, ñîîòâåòñòâóþùèå

íîðìû ýêâèâàëåíòíû: ‖Dβf‖Hp ≈
( ∞∑

k=0

m2β
k

∣∣ak

∣∣2
)1/2

.

Òåîðåìà 4. Ïóñòü
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü,
α > 0, β ∈ R, è f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ ñõîäÿùèìñÿ ëàêóíàðíûì
ðÿäîì f(z) =

∞∑
k=0

akzmk . Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(a) Dβf(z) ∈ H(∞,∞, α);

(b) Dβf(z) ∈ H(p,∞, α) äëÿ íåêîòîðîãî p ∈ (0,∞);

(c) Dβf(z) ∈ H(p,∞, α) äëÿ âñåõ p ∈ (0,∞);

(d) sup
k≥0

|ak|
mα−β

k

< +∞.

Áîëåå òîãî, ñîîòâåòñòâóþùèå íîðìû ýêâèâàëåíòíû:

‖Dβf‖∞,∞,α ≈ ‖Dβf‖p,∞,α ≈ sup
k≥0

|ak|
mα−β

k

.
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Òåîðåìà 5. Ïóñòü
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü,
α > 0, β ∈ R, è f(z) � ãîëîìîðôíàÿ â D ôóíêöèÿ, çàäàííàÿ ñõîäÿùèìñÿ ëàêóíàðíûì
ðÿäîì f(z) =

∞∑
k=0

akzmk . Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(a) Dβf(z) ∈ H0(∞,∞, α);
(b) Dβf(z) ∈ H0(p,∞, α) äëÿ íåêîòîðîãî p ∈ (0,∞);
(c) Dβf(z) ∈ H0(p,∞, α) äëÿ âñåõ p ∈ (0,∞);
(d) limk→∞

|ak|
mα−β

k

= 0.

Çàìå÷àíèå 3. Ñëåäóåò îòìåòèòü, ÷òî Òåîðåìà 3 âêëþ÷àåò ñëó÷àé ãîëîìîðôíûõ
ïðîñòðàíñòâ Õàðäè�Ñîáîëåâà [21], ñîäåðæàùèõ òå ãîëîìîðôíûå ôóíêöèè, ÷üè
ïðîèçâîäíûå èç Hp. Òåîðåìû 4 è 5 ïîêðûâàþò âñå âåñîâûå ïðîñòðàíñòâà Áëîõà
è ìàëûå ïðîñòðàíñòâà Áëîõà, îáîáùàÿ ïðåäûäóùèå èçâåñòíûå ðåçóëüòàòû èç
[7], [8], [10], [13], [17], [22].

3. Ïîòî÷å÷íûå îöåíêè ëàêóíàðíûõ ðÿäîâ

Õîðîøî èçâåñòíî, ÷òî ïðîèçâîëüíàÿ ôóíêöèÿ f(z) ∈ H(p, q, α) óäîâëåòâîðÿåò
ïîòî÷å÷íîé îöåíêå

(3.1) |f(z)| ≤ C(p, q, α)
‖f‖p,q,α

(1− |z|)α+1/p
, z ∈ D.

Íåðàâåíñòâî (3.1) ñëåäóåò èç îöåíêè Õàðäè�Ëèòòëâóäà

M∞(f ; ρ) ≤ C(1− ρ)−1/pMp(f ; ρ), 0 < ρ < 1,

êîòîðóþ ìîæíî íàéòè â [1, Òåîð.5.9], èëè â [3, Prop.2.1]. Äåéñòâèòåëüíî, äîñòàòî÷íî
âîçâåñòè ïîñëåäíåå íåðàâåíñòâî â ñòåïåíü q < ∞ è ïðîèíòåãðèðîâàòü ñ âåñîì
(1− ρ)αq−1 ïî èíòåðâàëó (r, 1),

∫ 1

r

(1− ρ)q/p+αq−1Mq
∞(f ; ρ)dρ ≤ C

∫ 1

r

(1− ρ)αq−1Mq
p (f ; ρ)dρ, 0 < r < 1.

Ââèäó ìîíîòîííîñòè âåëè÷èíû M∞(f ; ρ) ïîëó÷àåì

Mq
∞(f ; r)

∫ 1

r

(1− ρ)q/p+αq−1dρ ≤ C‖f‖q
p,q,α,

÷òî íåìåäëåííî âëå÷åò (3.1).
Ïîêàçàòåëü α+1/p â (3.1) íàèëó÷øèé äëÿ ïðîèçâîëüíûõ ôóíêöèé. Äåéñòâèòåëüíî,
âëîæåíèå H(p, q, α) ⊂ H(∞,∞, α + 1/p − ε) ëîæíî äëÿ ëþáîãî ìàëîãî ε > 0.
Ìîæíî ïðîâåðèòü, ÷òî ôóíêöèÿ

g(z) =
(
1− z

)−(α+1/p)
(

log
e

1− z

)−2/q

, z ∈ D,
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ïðèíàäëåæèò H(p, q, α), íî íå ïðèíàäëåæèò H(∞,∞, α + 1/p− ε).
Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî ëàêóíàðíûå ðÿäû èç H(p, q, α) èìåþò áîëåå
ìåäëåííûé ðîñò âáëèçè ãðàíèöû, ÷åì ïðîèçâîëüíûå ôóíêöèè èç H(p, q, α).

Òåîðåìà 6. Ïóñòü 0 < p, q ≤ ∞, α > 0,
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ ëàêóíàðíàÿ
ïîñëåäîâàòåëüíîñòü, è f(z) � ôóíêöèÿ èç H(p, q, α), çàäàííàÿ ñõîäÿùèìñÿ ëàêóíàðíûì
ðÿäîì f(z) =

∑∞
k=0 akzmk . Òîãäà

(3.2) |f(z)| ≤ C(λ, p, q, α)
‖f‖p,q,α

(1− |z|)α
, z ∈ D,

ãäå ïîêàçàòåëü α íå ìîæåò áûòü óìåíüøåí.

Äîêàçàòåëüñòâî. Äëÿ ôóíêöèè f ∈ H(p, q, α) ñ 0 < q < ∞, ïî Òåîðåìå 1 èìååì
∞∑

k=0

|ak|q
mαq

k

≤ C‖f‖q
p,q,α, è |ak|q

mαq
k

≤ C‖f‖q
p,q,α, k ≥ 0,

èëè

(3.3) |ak| ≤ C‖f‖p,q,αmα
k äëÿ âñåõ k ≥ 0,

ãäå C = C(λ, p, q, α) íåçàâèñèìà îò f . Äëÿ q = ∞ è ôóíêöèè f ∈ H(p,∞, α),
ïîñëåäíåå íåðàâåíñòâî ñëåäóåò íåïîñðåäñòâåííî èç Òåîðåìû B. Òàêèì îáðàçîì,
ëþáîé ëàêóíàðíûé ðÿä f èç H(p, q, α) ñ 0 < q ≤ ∞ óäîâëåòâîðÿåò îöåíêå (3.3).
Ñëåäîâàòåëüíî,

|f(z)| ≤
∞∑

k=0

|ak||z|mk ≤ C‖f‖p,q,α

∞∑

k=0

mα
k |z|mk =

(3.4) = C‖f‖p,q,α

∞∑

k=0

∑

mj∈Ik

mα
j |z|mj ,

ãäå Ik = {i ∈ N; 2k ≤ i < 2k+1}. Êîëè÷åñòâî öåëûõ ÷èñåë mj , ñîäåðæàùèõñÿ â
Ik, íå ïðåâûøàåò N = 1 + [logλ 2]. Ïîýòîìó âíóòðåíÿÿ ñóììà â (3.4) ìîæåò áûòü
îöåíåíà ñëåäóþùèì îáðàçîì

∑

mj∈Ik

mα
j |z|mj ≤ N2(k+1)α|z|2k

.

Çíà÷èò, èç (3.4) ñëåäóåò, ÷òî

|f(z)| ≤ CN‖f‖p,q,α

∞∑

k=0

2(k+1)α|z|2k ≈ ‖f‖p,q,α

(1− |z|)α
.

Ïîñëåäíþþ îöåíêó ìîæíî íàéòè, íàïðèìåð, â [1, ñòð. 66].
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Òåïåðü ïîêàæåì, ÷òî ïîêàçàòåëü α â (3.2) íàèëó÷øèé. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò
ïîêàçàòåëü β, 0 < β < α, òàêîé, ÷òî äëÿ êàæäîãî ëàêóíàðíîãî ðÿäà f ∈ H(p, q, α)

íàéäåòñÿ ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî

(3.5) |f(z)| ≤ C‖f‖p,q,α

(1− |z|)β
, z ∈ D,

ò.å. f ∈ H(∞,∞, β). Âûáèðàÿ γ òàêèì, ÷òî β < γ < α, îïðåäåëèì êîíòðïðèìåð

f0(z) =
∞∑

k=0

2kγz2k

, z ∈ D.

Ïî Òåîðåìàì B è 1 ôóíêöèÿ f0(z) ïðèíàäëåæèò H(p, q, α), íî, ñ äðóãîé ñòîðîíû,
f0(z) 6∈ H(∞,∞, β). Ýòî ïðîòèâîðå÷èò (3.5) è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.

¤

Õîòÿ ìû íå ìîæåì óìåíüøèòü ïîêàçàòåëü α â (3.2), òåì íå ìåíåå, ìû ìîæåì
óòî÷íèòü îöåíêè (3.2) â ñëåäóþùåì ñìûñëå.

Òåîðåìà 7. Ïóñòü 0 < p ≤ ∞, 0 < q < ∞, α > 0,
{
mk

}∞
k=0

� ïðîèçâîëüíàÿ
ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü, è f(z) � ôóíêöèÿ èç H(p, q, α), çàäàííàÿ ñõîäÿùèìñÿ
ëàêóíàðíûì ðÿäîì f(z) =

∑∞
k=0 akzmk . Òîãäà

(3.6) f(z) = o

(
1

(1− |z|)α

)
ïðè |z| → 1−.

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî ε > 0 ïî Ëåììå 1 ìîæåì âûáðàòü ρ0 ∈ (0, 1)

íàñòîëüêî áëèçêèì ê 1, ÷òîáû

‖f − fρ‖p,q,α < ε äëÿ âñåõ ρ ∈ (ρ0, 1),

è, êðîìå òîãî, (1 − r)α < ε äëÿ âñåõ r ∈ (ρ0, 1). Ïî Òåîðåìå 6 äëÿ ôóíêöèè
f − fρ ∈ H(p, q, α) áóäåì èìåòü îöåíêó

|f(z)− fρ(z)| ≤ C(λ, p, q, α)
‖f − fρ‖p,q,α

(1− |z|)α
, z ∈ D.

Äëÿ ôèêñèðîâàííîãî ρ ∈ (ρ0, 1) ïîëó÷èì

(1− |z|)α|f(z)| ≤ (1− r)α|f(z)− fρ(z)|+ (1− r)α|fρ(z)| ≤
≤ C‖f − fρ‖p,q,α + Cρ(1− r)α < Cε

äëÿ âñåõ r ∈ (ρ0, 1). ¤

Ðàçóìååòñÿ, ïîêàçàòåëü α â (3.6) íå ìîæåò áûòü óìåíüøåí ââèäó Òåîðåìû 6.
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Abstract. The paper establishes a necessary and su�cient condition under which
a lacunary series belong to a mixed norm space of functions holomorphic in the unit
disc. As a corollary, some sharp pointwise estimates for lacunary series are obtained.
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