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OITTUMAJIbHASI TPAEKTOPUSA B UTPE C YACTUYHOM
KOOTEPALIMEH

B nanHo#t paGoTe paccMaTpUBAcTCA YaCTHYHO-KOOTICPATHBHAA HIPa B PasBep:.
HyTo# dopme. Tpennaraerca cnocod HAXOKAEHHS ONTHMAILHONO NOBEICHHS Ur-
POKOB W 3HaYEHMUs A% TAKMX Wrp. B xone urphl Npu ONpELCNICHHM enexa MOK-
Ay MIpOKaMH KOATHLMH PACCMATPHBAIOTCA BCNOMOTATE/BHBIC HIPhI M PaBHOBEC-
sinie no Hawy cutyauss B Hux. [Ipnmenes npumep.

Beenenme. Ha OCHOBE KOHEUYHBIX MO3ULMOHHBIX MIp n JIHU C MONHOH
HHQOpMALMEH H TEPMUHATLHBIMI QYHKUHAMH BBIHrpbIa B pabore [1] npuse-
HEHO MOCTPOEHHE ONTUMATLHOMN TPAEKTOPHH IS HaCTHYHO-KOOTIEPATHBHON HMIDBL.
Ipw 31oM 6B11 McToNB30BaH BekTop Illennu Bo BcnomoratenbHOH KOOTIEpPaTHBHOH
Hrpe MpH ONpeleneHWH feNeXa CYMMapHOrO BbIMIPbIlla KOAIHLIMH. Ycnosue
YaCTHYHOH KOOMEpPALUK /HLIb YBENTHYHUBAET BO3MOXHOCTH HIPOKOB, HEXeEIH
YC/OBHS TOMHONH KOOMEPalHH [JIA MHOTOMIAroBBIX M MHOTOYPOBHEBBIX HIp
[2, 3]. B paccMaTp1BaeMOH 4aCTHUHO-KOOINEPATHBHON HIpe Mbi METONOJIOrHHECKH
caelyem nocTpoenuam 3 [1] u Mcnonb3yeM BBEICHHBIH TaM anropuT™, KOTOpPbIH
Hasoem anroput™moMm Ilerpocsina—AewnHa. [lns HaXOXKACHHA JOJH Urpoka W3
KOATMUMH 31€Ch HCMOMb3YIOTCA BBIMFPbIIIH HIPOKOB, COOTBETCTBYIOUIHE PaBHO-
BecbiM o Hamry ucxoaam [4]. Bo BcnomoraTesnbHOH Mrpe B KauyeCTBe HMrpoka
MOXKET BBICTYMHTH HEKas KOATHLHA WIPOKOB.

1. OcnosHas Moaenab. Ilycte I — AMHaMH4ecKad NO3HLUHOHHAA Hrpa
n M ¢ nonHoit uHdopmaimedl. O6o3HaUMM MHOXECTBO MIPOKOB HCpe3

N={1,..,n}. Mycts K(x,) ecTb nepeBO Mrpbl C HAUATILHOH NO3MUMER X, .
COrnacHO OMpe/e/ieHHIo NO3HLMOHHO# Mrpsl, Ha K (x,) 3anaHo pasGuenne mHo-
JKecTBa Mo3uLwit Ha n+1 MHOoXecTBo B,...,P,,F,,,, rae P, — MHOXECTBO NIMYHbIX
no3uuui Mrpoka i, a P,,, — MHOXECTBO OKOHHATENbHbIX MO3HLHH. BLIArphILIK
UrpoKoB B [ ONpeJeNAIOTCA BEUIeCTBEHHO3HAYHbIMH ¢yukuusmu A . F,,, — R,
ieN.

[ToA YacTHYHO-KOOTIEPATHBHBIM MOBEACHHEM Hrpoka Oynem MOHMMATL Ta-

Koe MoBeacHHe, MPH KOTOPOM HIPOK MOXET KakK KOOMEepHpOBaTHCA, TAK U HIpaTh
HHAHBUAYAIBHO. I/Irpoxa, NMPUHHMAIOMIETO PEIICHHUE B NO3HLHH X 00035auUNM
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i(x). WsMennM iosHLmMOHHYI0 urpy I”, Mpeanonaras, YTO HrpoKH MOTYT Koore-

PHpOBAThCA NPH ONpPEAEEHHbIX YCIOBUAX. TpaHCHOPMHPOBAHHYIO UrpYy HA30BEM
Wrpo#l C YaCTMYHOM KoOMepauued WA 4aCTHUHO-KOOMEepaTHBHON Mrpolk U GyneM
o6o3HauaTs ee CHoBa uepe3 [ .

Onpedenenue. Tlycts ie N. ®yukums f;:F, —{0, 1} Hasbiraercs xoome-
patHBHOH (yHKUMe#H Mrpoka i, ecnu mis Jo6oro myTH {xo,...,x',x",...,f} , rae
x'eF, u Xeb,, w3 ycnosus f(x')=1 cnenyer, 4to mna Bcex mosuumit
ye PN{x",..,X}, ecnn onu cywecrsyior, f,(y)=1.

Bexrop-pynkima f = ( Siseeos f,,) Ha3bIBAETCA KOOMEPaTHBHON yHKuUHeH
MFpBI, KOTOpas No3BOJIAET yKa3aTh koanuunio C(x) B KOKAOH NOIULMU X :

C(x)={S/(x), ecnu f(x)=1, L “
{i}, ecnu f;(x)=0,
rae :
Sy (x)=5; (x)US7 (x),

S}-(x)={jeN|PjﬂK(x)=® w3 yePNix ... x}»:j;(y)=1},
S (x)={ieN\S) (1)1 £,(»)=1 ¥ yeP,NK(x)}.
Mnoxectro S‘f (x) COCTOMT H3 UIPOKOB, KOTOpPbIE TIPOABH/IM KOOMEPATHB- .

HYI0 aKTUBHOCTb BMOJb IYTH, BEAYLUEro B X, M HE MPUHUMAIOT PELIEHH B XO/e
NOCAEAYIOWEro pa3BUTUS Urpbi Ha nouiepese K (x) ¢ HauanibHON nosuLmed x.

MHuoxkecTBoO S% (x) BxatOUAET UFPOKOB, KOTOPBIE KOOMIEPHPYIOTCA BO BCEX CBOMX ..
MMYHBIX No3MUMAX nomaepesa K (x). Foops, uto urpok i€ N npuaepusaercs

KOOTIEPATHBHOTO MOBEACHHS B NO3HLMH X € K (X, ), Mbl Gyzem HMETh B BHAY, 4TO
B MO3MUMM X HrpoK I MPHHHMAET PEIICHUE, HCXOM M3 WHTEPECOB KOATIHLIMH.
Hrpoku u3 mHokecrsa N\S, (x) PaccMaTpPHBAIOTCH B NO3HLUMH X KaK HHIWUBH-

dyanbHbie. urpoku. [lockonbky S,-(x) onpeeaseTca KooneparusHoil QyHKuuHel

f » BCA KoanMuMOHHAA cTpyKTypa B nosuumk x:S,(x), {4}, ‘{jZ}'“"{j'N\S,(X‘} :
Takke (GopMHpyercs B 3aBHCMMOCTH OT f .

Hrpa I, (xo) €0343€TCA Ha OCHOBE YACTHYHO-KOONepaTusHoi urpsl I~ ¢
MCMIONE30BaHHEM KoonepaTHBHOH pyHkumu f . Jlepeso urpsl [, (xo) coBnagaer

c aeperom K(x,) urpet I". Muoxectso N, yuactuukos urps [, (x,) op-
MMpYETCS C YYETOM KOOfepaTMBHOH QYHKUMM [ M COCTOMT M3 NOAMHOXECTB

MHOXKECTBA N HMrpoKOB Mrpsl [ : Nf={CcN:3xeK(xo),C(x)=C}.Koa- ,
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muuns C e N, Gyner paccMaTpUBATECA B KA4YECTBE yHaCTHHKA MIPbi. Boinrpuim
urpoka Ce N, wrpu [, (xo) OTIpEfieNIACTC HA MHOXKECTBE OKOHYATENBHBIX

nosHuuit aepesa urpol K (xo) KaK cymMma Bbiurpsimeit urpoko i€ C mrpoi I':
hs(x)=Y h(x), x€P,, h(x)20,ieN.
ieC

Bo3MOXeH ciyuail, KOrfa MrpoK, HECMOTPA Ha TO 4TO OH HaXOAWTCA B
MO3MIIMH CBOETO KOOMEPATHBHOrO MOBENCHWS, UIpaeT MHAMBHIYaIbHO.

2. AJIrOPHTM MOCTPOEHHS ONTHMAILHOrO NyTH. Pewenne urpsi [, (%)

CTpOMM MeTOlIOM OGpaTHOH MHAYKIMH, ABHradCh OT OKOHHYATENAbHBIX no3vumii K
HauanbHOi. ITycTh x — HekoTopas no3uuns. O6o3HauMM Hepes Z (x) MHOXKECTBO

MO3HLKIA, HEMOCPEACTBEHHO CEAYIOWUX 33 X, @ HIPOKa, IPUHHMAIOLLEro pelle-
Hue B Mo3uuuu x, x€ P, B urpe [, uepes i(x)eN. CkaxxeM, YTO pelleHHE

urpoka i(x) B MOIMUMM X BeNeT B NOSHUMIO X €Z (x). Beenem Bcnomora-
TenbHYI0 (QYHKUMIO C;, ONpPEAC/AEMYI0 C NOMOUIBIO KOOTIEPATHBHOM (yHKLHH
F=(firsfy):
c,{x)=
!

0, ecnu £,y (x)=0.
Havanoumii waz. PaccMOTPUM MHOXECTBO OKOHYATENBHBIX nosuumi F,,, .

KoanHumoHHas cTPYKTYpa B O3MUMH X € F,,| COBNAJaeT C KOATHUHOHHOH CTPYK-
Typoii B NO3MLKMH X;, XEZ (x,) . COracHo KOOMepaTHBHOH GyHKUMH f , B 1O3M-

umH x, GOpMUpYIOTCA KOATHUMH S/ (x,),{j,},...,{jw\sl(xl)‘}.Buurpum HrpoKa

i;=S,(x) » nosmumm xeZ(x) pasen Y h(x). Beiurpbiw Hrpoka
- ' : i€Sy(x;)

i ={/}, k=l,...,lN\S,(x,)I-, B MO3HUMH X COCTABIAET h’.,‘(x).

Ulaz 1. TepeiiaeM ¥3 OKOHYATE/bHBIX MO3ULHH Z(x,), meX,, k npen-
wecTBylomuM. PaccMoTpuM nosuumio x,. [Ipeanonoxum, 4ro ¢ (x)=1. Torna
HIpoK i(x,)e N koomepvpyeTcs W B MNO3HUHH X, J[€Na€T XOA HIpoK
i(x)=8,(x), i;(x)eN;. Mbl npeanucsipaeM Urpoky i (x) suibupas

nosunuio ¥ € Z(x;) u3 ycnosus

m T h()= 3 A(R)

. . "Z("I)teS,(x,) :
Ecnu c;(x)=0, Tourpok i(x) He koonepupyercs. Orciona i,(x,):{i(x,)}.
B 3ToM ciTydae Mbl NPEANMCHIBAEM MIPOKY i/ (x) BHOpaTh nosuumio X H3

YCJIOBHA xl:}a('i‘l)hi(xl) (x) = hi(x,) (il ) .

LN
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BmecTo paccmoTpeHHs TepMHHANBHBIX QYHKUMA b, i N, Ha MHOXeCTBe P.

OKOHYATE/IbHBIX TO3MUMHA Mbl MOXEM HCHONb30BaTh GyHKUMM 7 : X, > R!,
i€ N, 3anapaeMble Ha MHOXKeCTBE X :

l(x) { (%), ecm x @b,
VA
(%), ect x €P,,.
Illaz 2. Hafinem peuwieHus urpokop i, € N, B nosmumax x, € X, . Ecau
Ha MHOXECTBE X, W3BECTHbI BBIMIPBIIH Kaxaoro Hrpoka i, (x,)e N,, x, e X,,
TO MbI MOXEM MOCTPOWThL MyTh MIrpbl Ha noigepesbax K (xz), xelX,.
Paccmorpum muoxectso Y(x,) =¥ (x,)UY;(x,), rae

K(x2)={er(x2)|c_,(x2)=0, i(xz)eSf(x)} o -
Yz(xz)={er(xz)}cf(x2)=l, S,(x)\S,(x,)#@}. S
£ Jlas K&KRO# NO3UUMKM X, € X, Mbl PACCMOTPHM B2 OCHOBHBIX CITyuas.

1) Nipeanonoxum, wro ¥(x,)=@. Myers ¢, (x,)=0. CnenosarensHo, B

NOSHUHMH X, NPHHKMAET pelttetine Urpok i (x,)={i(x,)} . Mt npeamuceisaem ur-
poxy i, (x,) BbiGpars nosuumio. X, € Z(x,) u3 ycnosus m?x sz)( x)= r;zh)(fa)

Teneps pomycum, uro ¢, (x,)=1. lockomeky ¥ (x,)=9, koanuunu S (%) u
§,(x) cosnanator. B 3T0M Cityuae MBI [pENNMHCHIBAEM HIPOKY ii(x)= { (xz)}

ab|6pa"n> nosuumio X, € Z(x,) mayenosus max Y ' (x)= Y r'(%).
. xe2(ny) g {5} ieS,(x}

2) Tlpeanonoxmm, uro Y(x,)#Q. Bo3HHKaeT HEONPENENEHHOCTb C
BBIMIPHILIAMM  KOATHUMH I, (xz)={i(x2)} npu ¢, (x,)=0 u Koanuuuu
i(x,)=S,(x,) npu c,(x,)=1.Yrobs noctpoHTs mMyTs Mrpel Ha noanepese
K(x,), HeoBX0AMMO HAWTH HeKOTODHIA JeNeX BLIMIPBLINA KOATMUMH S ()

And kKao# nosuunk ¥ € Y(x;). PaccMotpum senomoratenshyto urpy I, (1)

Ha noaepese K(y,) € MHOXECTBOM WIPOKOB S,(y,),{j,},...,{j‘N\S’ (Y-)l}'

Crpareruu urpokos Be koanuiuu S, () GUKCHPOBaHEI M COBNAAAIOT C PaBHO-

BecHbiMU 110 Howy crpateruamu B ocHOBHOW Hrpe. COOTBETCTBYIOWMI HCXOA
0603Haumum vepes x. OnpeaenuM ko3bQUUMEHT KOOMepaiMH @, ANA HIPOKA

(x)
2 A

keS (n)

I () Bbiurpsim, pasHbii

ieS(n), a=—at— Yok Ipexnuwenm Toraa urpoky i€ S, (») B urpe
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vy (y,, Sy (» RTINS ""’{-’}N\S,(y,ﬂ}) =N/ (%),

rae v,»(yp S,(y,),{j,},{jz},...,{j(ms( )1})= Y r'(») - semrpsun koann-
s ieS(»)

wan S, (). ONTHMAILHBIM AENEKOM CYMMAPHOTO BHIHTPBILIA KORTHUNHH S (»n)

B urpe I () Gyaer Bexrop Nhf(yl)z(Nhlf:(y‘)""’N%,(,ni(y‘))’ rae

ISf(i')lNhkf/ (y1)=vf( yl’sf(yl)’{jl}’{j2}""’{j|1v\s,(yl)i} )

Jj=1
Ecnn urpok {i(x,)} € N, B nosuuuu x, BbiGHpaer nosuumo y, Y (x,),
TO €ro BHLIMIPHIN OmpeienseTcs ¢ nomouwsio sektopa NA' () W pasen
P
Nhi(‘z)
BBIMIPhILICH ﬁ':X,-—-)Rl, ie N, takas, yro 14 x,eZ(xz)

7;‘(xn)={Nh"f(x')’ ecnn x €Y(x,), ieS,(x);

r'(x) ® mporuBHOM cnyuae.
* TMpeanonoxum, to ¢, (x,)=0. Toraa ars urpoa i, (x,)={i(x,)} orru-

(). Taknm o6pasoM, Ha MHOXecTBe X, 3anaerca HoBas (yHKUHs

MaTbHOM ABNAETCA pealH3aLMA MyTH, NPOXOAALIEro Yepes nosnumio X, € Z(x,),

KOTOpad yAOBIETBOPAET YCOBHIO- n;?x)?,(‘xz) () =7y (%)
X€L Xy

Tenepe nycts c,(x,)=1.Tak kax urpok i(x,) koonepupyercs, To B
no3sHuMM X, cosepimiaer xoa koanuuws i, (x,)=S,(x,). Mel npeanuciBaem

¢i BbIOpaTE MO3MLMIO X,, YJAOBNETBOPSIOUIYIO YC/IOBHIO
mex X Tey(x)= ¥ 7o (R)-
ieSp{x)

x€2(%)) 5 )
Takum o6pasom, myTs Ha kaxaom noasepese K(x,), x, € X, , noctpoen
r'(%,), ecam Y(x,)=92;
u o 1P (x)={7"(%), ecu ¥Y(x,)=Q;
h(x,), ecnu x,€F,.
JanbHeiimue warn npoueaypsl aHanOrHyHbl waram 1 u 2.
3. 3naqenne nrpnt I, (x,). PaccMoTtpuM mo3uuMonnyto urpy I ¢ ae-
pesom urpet K (x,;), usobpakenusim Ha pucynxe. 3necs N ={1;2;3; 4; 5} . JIny-
HBi€ MO3HUMH WIPOKA | — MO3MUMHM X, X, H X, MTPOKA 2~ X\, Xp3 H Xy,

Mrpoka 3 — x, M X,,, UIPOKa 4 — Xxp,, X;; M Xs5, HIPOKA S — X3, U X;,. Bul-
WIPBILIK 3aNUCAHBI B OKOHYATEIbHLIX MO3MLMAX, NPUYEM B Kaxaom cronbue

2t



BEPXHEE YHCIIO H €CTh BBHIMIPbil Mrpoka. I[Ipeanosioxum, 4To KoonepaTHBHas
dyuxuns f =(f,... f;) nmeer cienyiomyo gopmy:
fi(x)=A (x4l)=f|(x46)=0’f2(xll)=1=f2 (xza)’ﬁ(x24)=0 ’
fs(xlz)"fs(x‘sz):l, fs(xzz)=0a ﬁ(xn):ﬁ(xss):ls fs(xsz)=fs(x34)=0-

OnpefieNuM KOWIMUMH B HEKOTOPbIX MO3MUMAX, [A€ OHH MOFYT BO3HHKATDb
cornacho koonepatusHol oynkunn f 1S, (x,)={2; 3; 4},8,(x,)={3; 4},
S, (x5)={2; 4} . KoanMuuoHHble CTPYKTYpbl MOXHO HaliTH M B OCTANBHBIX
MO3HLIMAX,

W o WD e N
N WS -
N W e N

2
3
5
2
3

Xo 1))} - . o oo

Tlpoueaypy mMOCTpOeHHS ONTHMANBHOIrO MYTH HAYHEM C MHOXECTBA X,
KOTOpO€ COCTOHT M3 OKOHYATE/bHBIX MO3MUMA Xg), X, .
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[TepeoMy 3Tamy COOTBETCTBYET TONBKO K(xs5). B x5 nenaer xon koore-
pHpyIOULiics HIPOK 4. BolUrpbily Mrpokos 13 Sy (xs5) B X5 H X 33matoTCA
s uge Tpoek umcen (10; 2; 3 u(%4 2) COOTBETCTBEHHO, TAe MepBbIA KOM-
[IOHEHT €CTb BBIHIPLILI HIPOKA {2; 3; 4} , BTOpO#t — Hrpoka 1, TpeTHii — Hrpoka 5. |
3neck r'(x55)=(23; 5, 2 3)* 03HAY4eT TPAHCTIOHHPOBAHHE).

Ko sropoMy rary otHocatca moazepesba K (x,), K (x2) ¥ K(xg),
rge swmrpsin  6ymyt r2(xy)=(2 2 L 4; 3)*, rt(xn)=(5 4 2; 3; 2)*,
P (x6)=(23523)*

Tlpomo/kas Wrpy, B [PEANOCNEAHEM dTane MoxyduM r*(x,)=

18 9 36
_—.(l; —7—; 7; -7—; 2)*. B x, H3 KOQIHLMH {2; 3; 4} BBIXOAMT HIpoK 2.

Toraa HeoGXOAMMO PACCMOTpeTh BCTIOMOraTenbHyio urpy [ (x33), TK.
Y(x,)={x;} - 3nech paHoBecHoH no Hally CHTYaUMy COOTBETCTBYET NO3ULIMA
%, Y k(% )=3+5+2=10, xoopduumentsl koonepaunH pasHl &, = i% ,
1€{2;3; 4}
1 1

@=3, =3 Hmeem ¥, (x5, {2 3; 4},{1},{5})=3+5+2=10. Torna

CYMMApHBI# BBIMIPHILT  KOBIHLHH {2; 3 4} B X,; JCNUTCA MEXILY Hrpo-

kamu koanuumu S (x)={2,3;4} cnenyiommum obpasom: Nh] (xy)=
=a2-l(,=%-10=3, Nh,f(x23)=—;—-10=5 " Nh{(xz3)=%-10=2.TakuM

06pa3oM, HOBBIF BBIUTPHILL B X,; OyneT
rt ("23)*("14 (xx) 7 (x3), 7 (x3), 7 (x23), 7 (xza))=(2; 3,5 2 3).

B x, HHIMBMIyanbHbIi Mrpok 3 BLIGHpAET MO3MLHIO X3, TAC r*(x,)=
=(2;3;5; 2 3). B xopue nepesa Mrpl X, ¥ (%)=2, nosromy urpoky |
jiyuite BH6pATb BLIHTPHIL B X, rA€ 7 (Xo)=2,aHe B Xy, Tae re(x)=1."
B wurore, B urpe [ ,(x,) ONTHMATbHLIM NyTeM ABAACTCH x(f)=
={Xo, X1y, Xp3 Xs4 Xags ¥ss Xy} » @ SHAUEHHE MIPI PABHO r(%)=(23523).

MiaMensia KoonepaTHBHylo GyHKUMIO f , MBI NOTYYHMM KJIacC BCEX HacTHd-
Ho-koonepaTHBHBIX Hrp I (X, ), KOTOpsie MOTYT GbiTh ONpene/ieHb Ha Aepe-
Be K(%,). A 9TO Npu MpOYMX MPHBWIErHAX flaeT etue H BO3MOXHOCTb HIPOKY
HalTH HAWTYuyllylo A1 HEro KOONEpaTHBHYIO dyukumio f .

Kagpedpa meopemuveckoii Mexaxuxu TMocmynuaa 17.05.2004,
" nocae dopabomiu — 04.02.2005
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0. U. UhUu3sL3uy, k. L pUQuUsrsuy
OMShUUL {tSUGhGCE UUULUYUP-UNONGLUShY thl‘LbPﬂfU’
Udinthned

Uyluwwnwblpmd pGGwplymd bt dwubwyh-Ynowtipwghw th nhppwjhG
huwnnud: Uynuhuh fuwnh hwdwp Ghiplwjwugynud b wnwgnnlbph oupnpduyg
yupph U fjuwnh wpdbpp quGbim tnulwy: bwnh pGpugpmd Ynwihghw
Ywquinn fuwnqugnnGbph Shol pwptumypp npnzbthu phinwpyynd GG odwinuly
luwntip L guufgnud’ pun Lbzh hwjwuwpwuiphn yhéwyltp l{nwmghwjh
wnjwjnpjwb nhupnud: Rpdwd b ophlwl:

0. S$. MIKAELYAN, R. V. KHACHATRYAN o
THE‘, OPTIMAL TRAJECTORY IN PARTIAL-COOPERATIVE GAMES

Summary

-
7
v

In an extensive form game is considered partial-cooperation. The optimal
behavior and the method of finding the value of the game is represented for that
game. During the game discussing the auxiliary games for finding distribution
between players consisting coalition, and equilibrium condition by Nash, when the
coalition is available. There is an example.
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