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АННОТАЦИЯ
Для систем Фреге были известны лишь тривиальные экспоненциальные верхние оценки и только

(n) нижняя оценка для количества шагов и только (n 2 ) нижняя оценка для длин выводов тавтологий
длины n. В настоящей работе для некоторой последовательности тавтологий получена супер-линейная от
длины формулы оценка шагов выводов и супер-квадратичная от длины формулы оценка длины выводов в
любой системе Фреге.
ABSTRACT
The trivial exponential upper bounds and only (n ) lower bound of proof sizes and (n) lower bound
of proof steps for tautologies with the length n were known for Frege systems . Now we prove that in every Frege
system for some sequence of tautologies the lower bound for proof steps is super linean in the lenghts of tautologies
and for sizes is super-quadratic in the lenghts of tautologies.
Ключевые слова: системы Фреге, сложность вывода, право-усеченный вывод, сушественная
подформула.
Keywords: Frege system, proof complexity, right-chopping proof, essential subformula.
2

1. INTRDUCTION
The investigations of the propositional proof
complexity are very important due to their relation to
?

the main problem of the complexity theory P = NP .
One of the most fundamental problems of the proof
complexity theory is to find an efficient proof system
for propositional calculus. In [1] Cook and Reckhow
showed that if there exists a system, which must have a
polynomial size p (n) proof for every tautology of
size, then NP = coNP .
This question about Frege systems, the most
natural calculi for propositional logic, is still open: the
trivial exponential upper bounds and only

(n 2 )

lower bound of proof sizes and (n) lower bound of
proof steps for tautologies with the length n were
known for Frege systems . Resently the super-linear
lower bound for proof steps and super-quadratic lower
bound for proof sizes have been announced in [2]. In
this paper we prove that the lower bounds of proof steps
and of proof sizes for some sequence of tautologies
are for every Frege system Ω (
Ω(

|𝜑𝑛 |3
2

log2 |𝜑𝑛

|𝜑𝑛 |3
2

log2 |𝜑𝑛

n

) and
|

) accordingly.
|

2. PRELIMINARIES
2.1. Some properties of Frege systems.
We shall use the well known notions of
propositional formula, subformula of formula and
tautology.
We shall use also the generally accepted concepts
of Frege system [1]. A Frege system 𝓕 uses a
denumerable set of propositional variables and a finite,
complete set of propositional connectives. 𝓕 has a
finite set of inference rules, defined by a figure of the
form

A1 A2  Am
B

(the rules of inference with zero

hypotheses are the axioms schemes); 𝓕 must be sound
and complete, i.e., for each rule of inference

A1 A2  Am
every truth-value assignment, satisfying
B
A1 A2  Am , also satisfies B , and 𝓕 must prove every
tautology.

We use also the well-known notions of proof and
proof complexities. The proof in any system 𝓕 (𝓕 proof) is a finite sequence of such formulas, each being
an axiom of 𝓕, or is inferred from earlier formulas by
one of the rules of 𝓕. Note that every 𝓕 -proof has an
associated graph with nodes, labeled by formulas, and
edges from A to B if formula B is the result of
applying of some inference rule to A (perhaps with
another formulas).
For a proof we define t - complexity to be its
length (= the total number of different proof formulae)
and 𝑙-complexity to be its size (= the total number of
logical connectives occurences in proof). The minimal
t - complexity of a formula  (𝑙 - complexity of a
formula  ) in a proof system 𝓕 we denote by 𝑡φℱ (𝑙φℱ ).
For our consideration the inference rule modus
𝐴 𝐴⊃𝐵
ponens
play the key role. The formula A (A⊃B)
𝐵
is called small (big) premise of modus ponens.
Let us recall the notion of right-chopping proof,
introduced in [3]. For Intuitionistic and Minimal
(Johansson’s) Logic the following statement is proved:

F1  ( F2  (  ( Fm  G))
formulas F1 , F2 , , Fm are used in the

If the axiom
and the

minimal (by steps) derivation of formula G by
successive applying of the rule modus ponens, then
m  2,
i.e. the length of corresponding graph branch,
going from each node, labeled with the rule modus
ponens application result to node, labeled with big
premise, is no more than 2 . Such graph and hence, the
corresponding proof are called 2-right-chopping.
The analogous statement for classical Hilbert style
systems is not valid, but for a Frege system 𝓕 we can
prove some generalization of this statement.
Definition1. A proof with only modus ponens rule
is called m-right-chopping if the length of
corresponding graph branch, going from each node,
labeled with the rule modus ponens application result
to node, labeled with big premise, is no more than m.
Definition 2. If some axioms scheme B of the
system 𝓕 is in the form B1⊃ (B2⊃ (...(Bk⊃Bk+1)...)),
where each Bi (1≤i≤k+1) is some formula and the main
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logical connective of Bk+1 is not ⊃, then k is logical
depth of B.
Definition 3. Maximum of logical depths of all
axioms schemes in the Frege system 𝓕 is called logical
depth of 𝓕 and is denoted by ld(𝓕).
Lemma 1. For every Frege system 𝓕 there is some
constant r and some Frege system 𝓕’ with only modus
ponens rule such that every 𝓕-proof of a formula 
can be transformed into r-right-chopping 𝓕’-proof of
 with no more than linear increase both of tcomplexity and l-complexity of original 𝓕-proof.
Proof. Axioms schemes of 𝓕’ are all axioms
schemes of 𝓕 and formulas 𝐴1 ⊃ (𝐴2 ⊃ (… (𝐴𝑚 ⊃
𝐴 𝐴 …𝐴
𝐵) … )) for every inference rule 1 2 𝑚 (for modus
𝐵
ponens also, if it is one of the rules of 𝓕) . The inference
rule is only modus ponens. Every 𝓕-proof can be
transformed into 𝓕’-proof as following: each
𝐴 𝐴 …𝐴
application of inference rule 1 2 𝑚 replace by
𝐵

sequence of formulas 𝐴1 ⊃ (𝐴2 ⊃ (… (𝐴𝑚 ⊃ 𝐵) … )),
(𝐴2 ⊃ (… (𝐴𝑚 ⊃ 𝐵) … )), …, (𝐴𝑚 ⊃ 𝐵) and by
successive applying of the rule modus ponens to
formulas 𝐴1 , 𝐴2 , … , 𝐴𝑚 as small premises and pointed
formulas as big premises we prove the formula 𝐵 in the
system 𝓕՛: So, every group of the formulas
𝐴1 , 𝐴2 , … , 𝐴𝑚 , 𝐵 is permit with the m new formulas. If
we take r=ld(𝓕՛), then it is obvious, that each 𝓕՛-proof
is r-right-chopping and 𝑡φℱ′ ≤ 𝑡φℱ (𝐫 + 𝟏) and
𝑙φℱ′ ≤𝑙φℱ (r+1).
Lemma 1. Is proved.
The above described Frege system 𝓕՛ is called
right-chopping image for the system 𝓕.
Definition 4. The set of formulas 𝐴1 , 𝐴2 , … , 𝐴𝑚 ,𝐵
and 𝐴1 ⊃ (𝐴2 ⊃ (… (𝐴𝑚 ⊃ 𝐵) … )), (𝐴2 ⊃ (… (𝐴𝑚 ⊃
𝐵) … )), ..., (𝐴𝑚 ⊃ 𝐵) is called the bloc of rightchopping image 𝓕՛, corresponding to inference rule
𝐴1 𝐴2 …𝐴𝑚
of 𝓕.
𝐵
From now on each 𝐴𝑖 ⊃ (… (𝐴𝑚 ⊃ 𝐵) … ) /2 ≤
𝑖 ≤ 𝑚/ of the formula 𝐴1 ⊃ (𝐴2 ⊃ (… (𝐴𝑚 ⊃ 𝐵) … ))
we shall call right i-segment.
2.2. Some properties of essential subformulas .
For proving the main results we use also the notion
of essential subformulas, introduced in [4].
Let F be some formula and Sf (F ) be the set of
all non-elementary subformulas of formula F .
For every formula F , for every   Sf (F ) and
for every variable p the result of the replacement of



F by the variable
p is denoted by F . If   Sf (F ) , then Fp is F
We denote by Var (F ) the set of variables in F
Definition 5. Let p be such a variable that
p Var (F ) and   Sf (F ) for some tautology F
. We say that  is an essential subformula in F iff
Fp is non-tautology.
the subformula

everywhere in
p
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Essf (F ) the set of essential
F . If F is minimal tautology, i.e., F

We denote by

subformulas in
is not a substitution of a shorter tautology, then
Essf ( F ) = Sf ( F ) .
It is not difficult to see, that if formula B is modus
ponens application result to formulas A and A⊃B, then
each formula from Essf(B) is essential either in A or in
A⊃B and therefore the number of essential subformulas
of B is no more, that the sum of essential subformulas
numbers both of A and of A⊃B.
In [4] the following statement is proved.
Proposition 1 . Let F be a minimal tautology and
  Essf (F ) , then in every 𝓕-proof of F
subformula  must be essential either in some axiom,
used in proof, or in the formula A1⊃(A2⊃(....(Am
⊃B)...)) for some inference rule

A1 A2  Am
B
, used in

proof.
Remark. It is obvious, that each essential
subformula of a formula, proved in a Frege systems
only with modus ponens rule, must be essential at least
in one of axioms, used in proof.
Definition 6. Let M be some set of essential subformulas of tautology F. If no one formula of M is a
subformula of some other formula from M, then M is
called an independent set of essential subformulas of
F.
Let us recall the concept of depth of occurence
𝑑𝜑 (𝐹) of subformula 𝜑 in formula 𝐹:
 𝑑𝐹 (𝐹) = 0,
 If 𝑑𝜑 (𝐹) = 𝑘 and 𝜑 = 𝜑1 ∗ 𝜑2 , where ∗ is
some binary logical connective, then 𝑑𝜑1 (𝐹) =
𝑑𝜑2 (𝐹) = 𝑘 + 1,
 If 𝑑𝜑 (𝐹) = 𝑘 and 𝜑 = ¬𝜑1 , then 𝑑𝜑1 (𝐹) =
𝑘 + 1.
Definition 7. Let 𝑀 be some independent set of
essential subformulas of tautology 𝜑. The total sum of
maximum depths of their occurrences in 𝜑 is called the
depth of M in 𝝋.
Definition 8. The maximum depths of all independent sets of essential subformulas of tautology 𝜑 is
called common depth of 𝜑 and is denoted by 𝑪𝒅(𝝋).
2.3. Influence of the rule modus ponens on the
increase of common depth
Now our goal is to estimate the possible increase
of common depth of modus ponens application result in
comparison to the common depths of premises of this
rule. Let us use some notions, which are clearly formalized in [5].
It is a known method of labeling every subformula
of an arbitrary formula 𝐹 with 0-1 sequences: the formula itself is labeled with (1) sequence, if some subformula 𝐹 ′ has been labeled with some 𝛿̃ = (𝛿1 , 𝛿2 , … , 𝛿𝑛 )
sequence, then the subformula of its right part is labeled
with (𝛿1 , 𝛿2 , … , 𝛿𝑛 , 1) sequence, the left subformula /if
exists/ is labeled with (𝛿1 , 𝛿2 , … , 𝛿𝑛 , 0) sequence.
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̃ we shall denote the subFrom now on with 𝑭 − 𝜹
formula of 𝐹 labeled with 𝛿̃ sequence and with 𝑺(𝑭 −
̃/𝑨(𝒙)) we shall denote the result of substitution of
𝜹
variable 𝑥 in formula 𝐴 with formula 𝐹 − 𝛿̃.
̃-modification of ordered
Definition 9. We call 𝜹
pair of formulas (𝐴, 𝐵) an ordered pair of formulas
created the following way:
a. (𝑆(𝐵 − 𝛿̃/𝐴(𝑥)), 𝐵),
if 𝐴 − 𝛿̃ = 𝑥 and
̃
the length of 𝐵 − 𝛿 is greater then zero,
b. (𝐴, 𝑆(𝐴 − 𝛿̃/ 𝐵(𝑦)),
if 𝐵 − 𝛿̃ = 𝑦 and
the length of 𝐴 − 𝛿̃ is greater then zero,
c. (𝐴, 𝐵),
otherwise.
̃-modification of ordered pair of formulas
If 𝜹
(𝐴, 𝐵) is made only by the last two points, then it is
̃-modification.
called left-invariable 𝜹
Formula 𝐶 /from now on we shall denote (𝐴, 𝐵)^/
̃-modiis the result of sequential application of some 𝜹
fications of ordered pair of formulas (𝐴, 𝐵). It is not
hard to notice, that if for making formula 𝐶 have been
̃-modifications, then
applied only left-invariable 𝜹
𝐶 = 𝐴.
We denote by 𝑳(𝑭) the set of formulas made by
arbitrary substitution in formula 𝐹. In [5] the following
statement is proved.
Proposition 2. Let A and B be formulas such that
𝐿(𝐴) ⋂ 𝐿(𝐵) ≠ ∅, then there exists formula 𝐶 that
𝐿(𝐶) = 𝐿(𝐴) ⋂ 𝐿(𝐵).
Definition 10. Let (𝐴, 𝐵) be ordered pair of
formulas, such that the main logical connective of 𝐵 is
⊃ and 𝐿(𝐴) ⋂ 𝐿(𝐵 − (1,0)) ≠ ∅: If 𝐶 is a formula such
that 𝐿(𝐶) = 𝐿(𝐴) ⋂ 𝐿(𝐵 − (1,0)), then the formula
made by the same substitution in formula 𝐵 − (1,1),
that has been applied on formula 𝐵 − (1,0) to make
formula 𝐶, we call possible descendant of ordered pair
of formulas (𝐴, 𝐵). If 𝐶 = 𝐴, then the possible
descendant of ordered pair of formulas (𝐴, 𝐵) we call
left-invariable possible descendant.
The number of variables entries of formula 𝐹 /the
number of marginal nodes of tree corresponding to the
formula/ we denote 𝒇(𝑭) and with 𝒉(𝑭) we denote the
length of the longest branch of tree.
Lemma 2.
1) If formula 𝐹 is a left-invariable possible
descendant of ordered pair of formulas (𝐴, 𝐵), then
𝐶𝑑(𝐹) ≤ 𝐶𝑑(𝐴) + 2𝑓(𝐵 − (1,1))ℎ(𝐵 − (1,1)).
2) If formula 𝐹 is a possible descendant of
ordered pair of formulas (𝐴, 𝐵), then 𝐶𝑑(𝐹) ≤ 4𝑓(𝐵 −
(1,1)ℎ(𝐵).
Proof. Let’s notice, the result of some substitution
of each tautology is a new tautology, that its every essential subformula is either the result of substitution of
essential subformula of some initial tautology, then its
depth won’t change, or the result of substitution of
some variable, then its depth won’t exceed the depth of
initial tautology.
1) As formula 𝐹 is a left-invariable possible
descendant of ordered pair of formulas (𝐴, 𝐵), it is
necessary that a/ the main logical connective of 𝐵 is ⊃
and b/ there exist some variables 𝑝1 , 𝑝2 , . . . , 𝑝𝑘 of
formula 𝐵 and formulas 𝛼1 , 𝛼2 , . . . , 𝛼𝑘 , such that the
result of substitution of variables 𝑝1 , 𝑝2 , . . . , 𝑝𝑘 with
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formulas 𝛼1 , 𝛼2 , . . . , 𝛼𝑘 in formula 𝐵 − (1,0) is formula
𝐴 and the result of substitution of variables
𝑝1 , 𝑝2 , . . . , 𝑝𝑘 with formulas 𝛼1 , 𝛼2 , . . . , 𝛼𝑘 in formula
𝐵 − (1,1) is formula 𝐹. The depth of entry of each such
formula in formula 𝐹 can’t exceed the depth of some
substituted formula 𝛼𝑖 in formula 𝐴 plus ℎ(𝐵 − (1,1)).
Let’s notice, that each essential subformula of formula 𝐹 is either essential subformula of 𝐴, or essential
subformula of 𝐴 ⊃ 𝐹 that is the result of substitution of
𝐵 as mentioned above. If some essential subformula 𝛼
of 𝐹 is essential subformula of 𝐴, then 𝑑𝛼(𝐹) ≤
𝑑𝛼(𝐴) + ℎ(𝐵 − (1,1)) and the number of them can’t
exceed 𝑓(𝐵 − (1,1)). If some essential subformula 𝛽
of 𝐹 is essential subformula of 𝐴 ⊃ 𝐹 , then 𝑑𝛽 (𝐹) ≤
ℎ(𝐵 − (1,1)) and the number of them can’t exceed
𝑓(𝐵 − (1,1)). Therefore, by taking the maximum value
of depths of possible independent sets of such subformulas we get 𝑑(𝐹) ≤ 𝛴𝑑𝛼(𝐹) + 𝛴𝑑𝛽(𝐹) ≤
𝐶𝑑(𝐴) + 2𝑓(𝐵 − (1,1))ℎ(𝐵 − (1,1)).
2) The proof of this statement comes from the fact,
that as the result of some substitution of formulas 𝐴 and
𝐵 − (1,0) we get some formula 𝐴՛ = (𝐴, 𝐵)^ and from
the same substitution we get formula 𝐹 from 𝐵 − (1,1),
therefore, each essential subformula of formula 𝐹 is either essential subformula of 𝐴′ , or essential subformula
of 𝐴′ ⊃ 𝐹: Therefore, if some 𝛼 is essential subformula
of both 𝐴′ and 𝐹, then 𝑑𝛼(𝐹) ≤ 𝑚𝑖𝑛(ℎ(𝐵 −
(1,0)), ℎ(𝐴)) + ℎ(𝐵 − (1,1)) ≤ ℎ(𝐵 − (1,0)) +
ℎ(𝐵 − (1,1)) ≤ 2ℎ(𝐵), therefore mentioned in 1)
𝛴𝑑𝛼(𝐹) ≤ 2 𝑓(𝐵 − (1,1)ℎ(𝐵). Since 𝛴𝑑𝛽(𝐹) stays
unchanged, then
𝐶𝑑(𝐹) ≤ 𝛴𝑑𝛼(𝐹) + 𝛴𝑑𝛽(𝐹) ≤ 2𝑓(𝐵 −
(1,1)ℎ(𝐵) + 2𝑓(𝐵 − (1,1))ℎ(𝐵 − (1,1)) ≤ 4𝑓(𝐵 −
(1,1)ℎ(𝐵).
Lemma 2 is proved.
Lemma 3. For each formula 𝐹 derived by 𝒕 steps
in an arbitrary Frege system 𝓕 there exists a constant 𝒄
depending from the axioms and the inference rules used
in derivation of 𝐹, such that 𝐶𝑑(𝐹) ≤ 𝒄𝒕.
Proof. Let’s fix some Frege system 𝓕 and some
formula 𝐹 that is derived by 𝑡 steps in this system, then
observe the derivation of this formula in right-chopping
image 𝓕′ of system 𝓕. According to the Lemma 1 for
𝒕′ complexity of the new derivation of formula 𝐹 takes
place 𝒕′ ≤ 𝒄𝟏 𝒕 statement for some constant 𝒄𝟏 . In this
derivation is used only Modus ponens rule, and the big
and small premises for each application can be accordingly:
1. Some axiom, some axiom
2. Some axiom, right i-segment of some axiom
3. Result of Modus ponens, some axiom
4. Result of Modus ponens, right i-segment of
some axiom.
First, let’s mention some famous facts:
a/ Each axiom scheme of every Frege system and
each scheme of formula 𝐴1 ⊃ (𝐴2 ⊃ (. . . . (𝐴𝑟 ⊃
𝐵). . . )) corresponding to every inference rule have a
finite depth, a finite number of metavariables and a finite number of essential subformulas made by them.
b/ Schemes of possible descendants of each each
axiom of 𝓕′ system and every right i-segment of each
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axiom have a finite depth, a finite number of metavariables and a finite number of essential subformulas
made by them.
c/ The result of substitution in each scheme of tautology is a new tautology, that its every essential subformula is either the result of substitution of essential
subformula made by metavariables of some initial tautology or the result of substitution of some metavariable.
Let’s denote by 𝑐 ′ the maximum of values mentioned in points a/ and b/ for 𝓕′ system. First let’s notice, that for schemes of formulas 𝐷1 , 𝐷2 , . . . 𝐷𝑟 of each
bloc and for axiom scheme of the first big premise 𝐴1 ⊃
(𝐴2 ⊃ (. . . . (𝐴𝑟 ⊃ 𝐵). . . )) initially must apply all left̃-modifications, such that we get 𝐷1 =
invariable 𝜹
𝐴1 , 𝐷2 = 𝐴2 , … , 𝐷𝑟 = 𝐴𝑟 , therefore, according to the a/
and b/ remarks and the statement of Lemma 2. the value
of 𝐶𝑑 of each right (i+1)-segment of modified axiom
will be increased by 2(𝑐 ′ )2 compared to the value of
𝐶𝑑 of right i-segment. By using the induction method
on the number of 𝓕′ -inference blocs 𝑘, let’s prove that
𝐶𝑑(𝐹) ≤ 4(𝑐’)2 𝑟𝑘.
The statement is obvious for the first bloc, because
there works the above mentioned 1. and 2. cases, therefore we get r left-invariable possible descendants,
therefore according to the a/ and b/ remarks and the
statement of Lemma 2. for formula 𝐹𝑖 inferred in the
first bloc we get 𝐶𝑑(𝐹𝑖 ) ≤ 2𝑐’ + 𝑟2(𝑐’)2 ≤ 4(𝑐’)2 𝑟.
For formulas inferred in other inference blocs can work
1.-4. cases, therefore, can be both left-invariable possible descendants and possible descendants. Let’s assume the statement is true for each inferred formula in
all blocs which are less then 𝑘 and let’s assume the last
𝐹 formula is made by Modus ponens rule whose small
premise is some formula 𝐹𝑠 /from some previous bloc
or axiom/. According to the c/ remark and the statement
of
Lemma
2.
𝐶𝑑(𝐹) ≤ 𝐶𝑑(𝐹𝑠 ) + 𝑟4(𝑐՛)2 ≤
2
𝑟4(𝑐’) (𝑘 − 1) + 𝑟4(𝑐’)2 ≤ 4(𝑐’)2 𝑟𝑘 ≤ 4(𝑐’)2 𝑟(𝑡՛/
𝑟) ≤ 4(𝑐’)2 𝑐1 𝑡. As the required c we take 4(𝑐’)2 𝑐1 .
Lemma 3. is proved.
2.4. The main formulas.
By |𝝋| we denote the size of a formula 𝝋, defined
as the number of all logical signs entries. It is obvious
that the full size of a formula, which is understood to be
the number of all symbols is bounded by some linear
function in |𝝋|.
The main tautologies of our consideration are
n = TTM n1 , where
n ,2

TTM n,m = 



(1 ,, n )E n

It is not difficult to see that
denote  

j

&mj=1 in=1 pij i

| n |= n22n . Let’s



=  in=1 pij i , where  = ( 1 ,,  n ) and

for some assignement of parentheses

n

,

will look like

this:
n

n

n

n = &2j =11  j1  (&2j =11  j 2  (  &2j =11  j 2n ))


where:
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n

n

&2j =11  j k = ( 1 k & ( 2 k & (... &  2 k 1 ))








It is easy to see that the set M of subformulas



 in=1 pij i

is an independent set of essential subformulas of

n

𝑗

and 𝑑𝑒𝑝𝑡ℎ(𝜓𝜎𝑘 ) = 𝑘 + 𝑗, hence
2𝑛 2𝑛−1

2𝑛

𝐶𝑑(𝜑𝑛 ) = ∑ ∑ (𝑘 + 𝑗) = ∑(𝑘 + (2𝑛 − 1)2𝑛−1 )
𝑘=1 𝑗=1

𝑘=1

= 2𝑛−1 (2𝑛 + 1) + 2𝑛 (2𝑛 − 1)2𝑛−1
= Θ(23𝑛 ):

3. MAIN RESULTS
The main results of the paper are the following
statements.
Theorem 1
For
any
Frege
system
𝓕
𝑡𝜑ℱ𝑛 =
Ω (|𝜑𝑛 |√

|𝜑𝑛 |

):

log2 3 (|𝜑𝑛 |)

Proof of this Theorem follows from Lemma 3. Really 𝐶𝑑(𝜑𝑛 ) = Θ(23𝑛 ) and hence
𝑡𝜑ℱ𝑛 = Ω(23𝑛 ) = Ω (

𝑛22𝑛 √𝑛22𝑛
√𝑛3

= Ω (|𝜑𝑛 |√
= Ω (|𝜑𝑛 |√

|𝜑𝑛 |
) = Ω (|𝜑𝑛 |√ 3 )
𝑛

|𝜑𝑛 |
)=
(log 2 (𝑛) + 2𝑛)3

|𝜑𝑛|

): ⧠

log2 3 (|𝜑𝑛 |)

Theorem 2.
For any Frege system 𝓕 𝑙𝜑ℱ𝑛 = Ω (

|𝜑𝑛 |3
log2 2 |𝜑𝑛 |

).

Proof of the theorem is based on the following
auxiliary statements.
Let F be some tautology and 𝓕 be a Frege system,
then
1) if M is an independent set of essential subformulas of F, then the size of every its 𝓕-proof is more,
than the sum of sizes for all proof occurences of all
formulas from M;
2) after the first occurence of some formula from
Essf(F) in the smallest by size 𝓕-proof it must remain
until the end of proof;
3) the number of essential subformulas of each
axioms of 𝓕 is no more, than some constant c, and
therefore the number of essential subformulas of F in
every bloc from right-chopping image 𝓕’ can added
with no more, than c;
4) the size of proof can be smaller, if in every step
of proof no more, than one essential subformulas is
added.
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So, we have
𝑙𝜑ℱ′𝑛 ≥ (𝑛(23𝑛 − 2𝑛 ) + 𝑛(23𝑛 − 2𝑛 − 1)
+ 𝑛(23𝑛 − 2𝑛 − 2) + ⋯
+ 𝑛(22𝑛 + 1) + 𝑛22𝑛 )
= (𝑛(22𝑛 + (22𝑛 + 1) + ⋯
+ (23𝑛 − 2𝑛 )))
= (𝑛(1 + 2 + ⋯ + (23𝑛 − 2𝑛 )
− (1 + 2 + ⋯ + (22𝑛 − 1))))
= 𝜃(𝑛((23𝑛 − 2𝑛 )2 − (22𝑛 )2 ))
= θ(𝑛(26𝑛 − 2 ∙ 24𝑛 + 22𝑛 − 24𝑛 ))
𝑛2 24𝑛 𝑛22𝑛
= 𝜃(𝑛26𝑛 ) = 𝜃 (
∙
)
𝑛
𝑛
|𝜑𝑛 |2 ∙ |𝜑𝑛 |
= 𝜃(
)
𝑛2
|𝜑𝑛 |3
= 𝜃(
)
log 2 2 |𝜑𝑛 |
Use the rezult of Lemma 1, we obtain
𝑙𝜑ℱ𝑛 = Ω (

|𝜑𝑛 |3
log2 2 |𝜑𝑛 |

). ⧠
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