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General characteristics of the work

Relevance of the theme.

The problem of finding the optimal matching between two point clouds has been extensively

investigated both theoretically and experimentally, due to its relevance in various applications,

such as computer vision and natural language processing. For instance, in computer vision,

matching local descriptors extracted from two images of the same scene is a well-known exam-

ple of a matching problem, while in natural language processing, the correspondence between

vector representations of the same text in different languages is another example.

Permutation estimation and related problems have been recently investigated in different

contexts such as statistical seriation [10, 12, 4], noisy sorting [22], regression with shuffled data

[25, 29], isotonic regression and matrices [21, 24, 19], crowd labeling [28], recovery of general

discrete structure [11], and multitarget tracking [7, 18].

Feature matching is a problem that has received significant attention in the field of com-

puter vision. One of the main directions aims to accelerate matching algorithms using fast

approximate methods, as demonstrated in recent studies [20, 33, 13, 16]). Another direction

is to improve the matching quality by improving the quality of descriptors of image keypoints

[27, 6, 5]. Also, the better choice of keypoints is studied in [31, 1].

Measuring the quality of statistical procedures in hypothesis testing relies on the use of

separation rates, as highlighted in seminal works such as [3, 14, 15]. Recently, the practice

of using separation rates has been adopted in the field of machine learning, as evidenced by

[36, 35, 2, 26, 34, 8]. While traditionally used in the context of two hypotheses, this approach

is also applicable to multiple testing frameworks, including variable selection [23, 9], and the

matching problem being considered in this work.

In the field of single-cell biology research, it is common to collect datasets using similar

measurement protocols or experimental conditions but from different batches. When analyzing

such datasets, matching similar cells across different batches is a crucial step in correcting

technical variations and batch effects [32]. Another common practice is integrating datasets that
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have overlapping biological information, such as transcriptomic and proteomic data, obtained

from different tissues, species, profiling technologies, or experimental conditions [30, 17].

This integration requires identifying and aligning cells in comparable states across related

datasets. Additionally, matching datasets with complementary biological information, such as

spatial information of individual cells within a tissue, with non-spatial single-cell datasets can

transfer valuable information to different measurement modalities [37].

It is evident that in the matching problems mentioned above, not all the points in a dataset

have their corresponding matching points in another dataset. It is challenging to predict the

exact number of points that will have a match in advance. One of the primary objectives of

the current research is to investigate this scenario and develop a comprehensive theoretical

understanding of the statistical constraints associated with the matching problem.

The aim of the thesis:

1. Design estimators for matching map detection problem that have an expected error

smaller than a prescribed level α under the weakest possible conditions on the nuisance

parameter θ# and noise level σ#.

2. Find the detection boundary in terms of the order of magnitude of (κ̄in-in, κ̄in-out) (4).

3. Introduce a data-driven procedure for estimating the number of inliers for any instance

of the matching map detection problem with outliers present in both datasets.

4. Formulate the resulting optimization problem as a graph minimum-cost flow problem and

show that it can be solved computationally efficiently.

5. Show that, in the high-dimensional setting, if the signal-to-noise ratio is larger than

5(d log(4nm/α))1/4, then the true matching map can be recovered with probability 1−α.

6. Show that, in the presence of outliers, separation rate for LSL (3) is minimax optimal.

7. Experimentally show that our data-driven procedure for detecting the feature match-

ing map with no additional information before matching achieve similar results to more

classical algorithms which were given the true number of inliers as an input.
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8. Illustrate achieved results and computational feasibility of proposed algorithms on syn-

thetic and real-world data.

The methods of investigation.

In this thesis we apply methods and techniques obtained on the basis of high-dimensional

statistics, probabilistic inequalities, linear programming and related topics. Previous related

results also served as a basis of this work.

Scientific innovation.

All results are new and are published in local and international conferences and journals.

Practical and theoretical value.

The results of the work both have theoretical and practical character. The theoretical results are

devoted to finding and proving detection boundries of various estimators in different settings of

the matching map detection problem. Algorithms studied and proposed in this work have been

experimentally proven to work on real-world datasets across various domains (i. e. computer

vision, bioinformatics).

Approbation of the results.

The presented results were presented in the scientific seminar at Russian-Armenian University.

Some of obtained results were presented in local and international conferences.

Publications.

The main results of this thesis have been published in 3 scientific articles in journals and 1

article in conference. The list of the articles is given at the end of the Synopsis.
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The structure and the volume of the thesis.

The thesis consists of introduction, 3 chapters of main results followed by conclusion and

discussion, a list of references and () appendices. The number of references is (). The volume

of the thesis is () pages. The thesis contains () figures and () tables.

The main results of the thesis

Chapter 1.

First chapter introduces the problem of matching map recovery. In this chapter we formalize

the problem, discuss its variations and challenges associated with each problem setting. We

also discuss the most simple problem setting already studied in existing literature.

Put formally, this simplest setting goes as follows. We study the problem of matching two

sets of equal size n ≥ 2, (X1, . . . , Xn) and (X#
1, . . . , X

#
n). We assume that observed feature

vectors are randomly generated from the following model:
Xi = θi + σiξi ,

X#
i = θ#

i + σ#
i ξ

#
i ,

i = 1, . . . , n (1)

In this model it is assumed that

• θ = (θ1, . . . , θn) and θ# = (θ#
1, . . . , θ

#
n) are two sequences of vectors from Rd, corre-

sponding to the original features, which are unavailable,

• σ = (σ1, . . . , σn)
⊤,σ# = (σ#

1, . . . , σ
#
n)

⊤ are positive real numbers corresponding to the

magnitudes of the noise contaminating each feature,

• ξ1, . . . , ξn and ξ#
1, . . . , ξ

#
n are two independent sequences of i.i.d. random vectors drawn

from the Gaussian distribution with zero mean and identity covariance matrix,

• there exists a bijective mapping π∗ : [n]→ [n] such that θi = θ#
π∗(i) for all i ∈ [n].

The ultimate goal is to detect the feature matching map π∗.

In chapter 1 we also discuss previous related results which served as a foundation for this

work.
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Figure 1: Illustration of the considered framework described in (1). We wish to match a set of 7

patches extracted from the first image to the 9 patches from the second image. The picture on

the left shows the locations of patches as well as the true matching map π∗ (the yellow lines).

Chapter 2.

Chapter 2 discusses in more detail the setting of matching map detection problem in presence

of outliers only in one of the sets and our results achieved in this problem setting.

Formally, in this chapter we discuss the problem of matching vectors from two sets

(X1, . . . , Xn) and (X#
1, . . . , X

#
m) with different sizes n and m such that m ≥ n ≥ 2. We

assume that vectors are randomly generated from the following model:
Xi = θi + σiξi ,

X#
j = θ#

j + σ#
jξ

#
j ,

i = 1, . . . , n and j = 1, . . . ,m. (2)

In this model all assumptions from (1) hold, the only exception being that here, instead of

a bijective mapping π∗ our goal is to find an injective mapping π∗ : [n] → [m], such that

θi = θ#
π∗(i), ∀ i ∈ [n].

Figure 1 illustrates the aforementioned problem setting on image matching application using

local descriptors.

The LSL optimizer, one of the main estimators studied in this chapter is defined as follows:

π̂LSL
n,m ≜ argmin

π:[n]→[m]

n∑
i=1

log ∥Xi −X#
π(i)∥2, (3)
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Our aim is to develop estimators that can achieve an expected error smaller than a spec-

ified threshold α, while imposing minimal restrictions on the nuisance parameter θ# and the

noise level σ#. When dealing with features that are difficult to differentiate, the problem of

matching becomes more challenging. To quantify this phenomenon, we introduce two met-

rics - the normalized separation distance κ̄in-in = κ̄in-in(θ
#,σ#, π∗) and the normalized outlier

separation distance κ̄in-out = κ̄in-out(θ
#,σ#, π∗). These metrics measure the ratio of the min-

imal distance-to-noise between inliers and the minimal distance-to-noise between inliers and

outliers, respectively. The specific definitions of these metrics are as follows:

κ̄in-in ≜ min
i,j ̸∈Oπ∗ ,

j ̸=i

∥θ#
i − θ#

j∥
(σ#

i
2 + σ#

j
2)1/2

, κ̄in-out ≜ min
i ̸∈Oπ∗ ,
j∈Oπ∗

∥θ#
i − θ#

j∥
(σ#

i
2 + σ#

j
2)1/2

, (4)

where Oπ∗ ≜ [m] \ Im(π∗) is the set of indices of outliers. One main result achieved in

homoscedastic case, i. e. σi = σ#
π∗(i)∀ i ∈ S, is formulated below.

Theorem 1 (Upper bound for LSL). Let α ∈ (0, 1/2). If the separation distances κ̄in-in and

κ̄in-out corresponding to (θ#,σ#, π∗) and defined by (4) satisfy

min{κ̄in-in, κ̄in-out} ≥
√
2d+ 4

{(
2d log(

4nm

α
)
)1/4 ∨ (

3 log(
8nm

α

)1/2}
(5)

then the LSL estimator (3) detects the matching map π∗ with probability at least 1−α, that is

Pθ#,σ#,π∗(π̂LSL
n,m = π∗) ≥ 1− α. (6)

Experiments on synthetically generated and real-world data are presented to illustrate the-

oretical findings.

Chapter 3.

In this chapter, we discuss the results achieved for the variation of the matching map detection

problem, where both feature vector sets can contain outliers. Formally, we assume that for

some S∗ ⊂ [n] of cardinality k∗, there exists an injective mapping π∗ : S∗ → [m] such that

θi = θ#
π∗(i) holds for all i ∈ S∗. We call the observations (Xi : i ∈ S∗) and (X#

π∗(i) : i ∈ S∗)
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Figure 2: Matching as a Minimum Cost Flow (MCF) problem. The idea is to augment the graph

with two nodes, source and sink, and n+m edges. The capacities of orange edges should be

set to 1, while the cost should be set to 0. Setting the total flow sent through the graph to k,

the solution of the MCF becomes a matching of size k.

inliers, while the other vectors from the sets X and X# are considered to be outliers. The

goal here again is to recover π∗ based on the observations X and X# only.

In this section, we introduce a novel procedure to estimate the number of inliers for cases

where both sets contain an unknown number of outliers. Our findings indicate that in the

high-dimensional setting, the true matching map can be retrieved with a probability of 1 −

α if the signal-to-noise ratio surpasses a threshold of 5(d log(4nm/α))1/4. It is noteworthy

that this threshold remains constant and is independent of k∗ (the true number of inliers).

Our data-driven selection process among candidate mappings π̂k : k ∈ [min(n,m)] yielded the

aforementioned outcome. Each π̂k minimizes the sum of the squared distances between two

sets of size k. The resulting optimization problem can be expressed as a minimum-cost flow

problem, thereby enabling efficient resolution. The illustration of the reformulation of the

problem as a minimum-cost flow problem is shown on 2. To explain our result, let us introduce
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Figure 3: The study compares an algorithm that is unaware of the number of inliers (MinCost-

Flow estimated k) with algorithms that have the correct number of inliers as input.

the following quantities:

κi,j = ∥θi − θ#
j∥2/(σ2 + σ#2)1/2, (7)

κ̄all = min
i∈[n]

min
j∈[m]\{π∗(i)}

κi,j (8)

λn,m,d,α = 4
{(

d log( 4nm
α

)
) 1

4 ∨
(
8 log( 4nm

α
)
) 1

2
}
. (9)

Here κ̄all is the signal-to-noise ratio of the difference Xi − X#
j of a pair of feature vectors.

Clearly, for matching pairs, this difference vanishes. Furthermore, if κi,j vanishes or is very

small for a non-matching pair, then there is an identifiability issue and consistent recovery of

underlying true matching is impossible. Therefore, a natural condition for making consistent

recovery possible is to assume that the quantity is bounded away from zero.

In order to be able to recover S∗ and the matching map π∗, the key ingredient we use is

the maximization of the profile likelihood. This corresponds to looking for the least sum of

squares (LSS) of errors over all possible injective mappings defined on a subset of [n] of size

k. Formally, if we define

Pk :=

{
π : S → [m] such that

S ⊂ [n], |S| = k,

π is injective

}
(10)

to be the set of all k-matching maps, we can define the procedure k-LSS as a solution to the
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optimization problem

π̂LSS
k ∈ argmin

π∈Pk

∑
i∈Sπ

∥Xi −X#
π(i)∥22, (11)

where Sπ denotes the support of function π.

Let Φ̂(k) be the error of π̂LSS
k , that is

Φ̂(k) = min
π∈Pk

∑
i∈Sπ

∥Xi −X#
π(i)∥22. (12)

For some values of tuning parameters λ > 0 and γ > 0, as well as for some kmin ∈ [n], initialize

k ← kmin and

1. Compute Φ̂(k) and Φ̂(k + 1).

2. Set σ̄2
k = Φ̂(k)/(kd).

3. If k = n or Φ̂(k + 1)− Φ̂(k) > d+λ
1−γ

σ̄2
k,

then output (k, σ̄k, π̂
LSS
k ).

4. Otherwise, increase k ← k + 1 and go to Step 1.

In the sequel, we denote by (k̂, σ̄k̂, π̂
LSS
k̂

) the output of this procedure. Notice that we start

with the value of k = kmin, which in the absence of any information on the number of inliers

might be set to k = 1. However, using a higher value of kmin might considerably speed up the

procedure and improve its quality.

For appropriately chosen values of γ and λ, as stated in the next theorem, the described

procedure outputs the correct values of k∗ and π∗ with high probability.

Theorem 2. Let α ∈ (0, 1) and λn,m,d,α be defined by (7). If κ̄all > ( 5
4
)λn,m,d,α, then the

output (k̂, π̂LSS
k̂

) of the model selection algorithm with parameters λ = ( 1
4
)λ2

n,m,d,α, γ = λ
d

satisfies P(π̂LSS
k̂

= π∗) ≥ 1− α.

Finally, at the end of this chapter, we report the results of our numerical experiments on

synthetic and real-world data that serve to illustrate our theoretical findings and offer further

insight into the properties of the algorithms studied in this work.
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Chapter 4.

Chapter 4 presents studies of the efficacy of recently developed, state-of-the-art entity resolu-

tion methods on real-life biomedical datasets. We explore various scenarios for the matching

problem, including those without outliers, those with outliers in only one dataset, and those

with outliers in both datasets. Subsequently, we conduct an extensive analysis and prepro-

cessing of the biomedical dataset pairs used in our experiments. Our results demonstrate that

modern algorithms consistently outperform the original greedy algorithm across all settings.

Moreover, we investigate previously proposed procedure that estimates the unknown number

of inliers without any supplementary information. We successfully show that algorithms utiliz-

ing this estimation technique perform almost as well as those that are provided with the actual

number of inliers as input. Figure 3 illustrates some of the results achieved in case of unknown

number of inliers, where our proposed algorithm performs as good, if not better, than classi-

cal algorithms serving as an oracle baseline, meaning they have additional information of real

number of inliers.
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ԱՄՓՈՓؤՄ

Տիգրան Վահագնի Գալստյան

Հատկանիշներ համապատասխանեցնող արտապատկերٳմների

հայտնաբերման խնդրի վիճակագրական և հաշվողական

բարդٳթյٳնը

Ատենախոսٳթյٳնٳմ ստացվել են հետևյալ արդյٳնքները.

1. Սահմանվել են համապատասխանեցնող արտապատկերٳմների հայտնաբերման

խնդրի լٳծման այնպիսի մոտարկիչներ, որոնց սպասվող սխալանքը փոքր է

նախորոք սահմանված α-ից՝ աղմٳկի մակարդակի (σ#) և այլ պարամետրերի

հնարավոր ամենաթٳյլ սահմանափակٳմների դեպքٳմ։

2. Հատկանիշների համապատասխանեցման խնդրի դիտարկված բոլոր դրվածքների

դեպքٳմ ներկայացվել է տվյալների վրա հիմնված ալգորիթմ, արտապատկերման

չափը (հակադիր բազմٳթյٳնٳմ համապատասխանն նեցողٳ հատկանիշների

քանակը) որոշելٳ նպատակով։

3. Ստացված օպտիմիզացիայի խնդիրները վերաձևակերպվել են որպես արդեն

հայտնի գրաֆٳմ ամենաէժան հոսքի հայտնաբերման խնդիր, ցٳյց է տրվել

խնդիրների համարժեքٳթյٳնը և լٳծման հաշվողական արդյٳնավետٳթյٳնը։

4. Ցٳյց է տրվել, որ բարձր չափողականٳթյան դեպքٳմ, երբ ազդանշան/աղմٳկ

հարաբերٳթյٳնը 5(d log(4nm/α))1/4-ից մեծ է, ճշմարիտ համապատասխանեցնող

արտապատկերٳմը հնարավոր է վերականգնել 1− α հավանականٳթյամբ։

5. Ցٳյց է տրվել, որ «ավելորդ» հատկանիշների առկայٳթյան դեպքٳմ LSL-ի (3)

անջատման գործակիցը մինիմաքս օպտիմալ է։

6. Նաև փորձնական ճանապարհով ցٳյց է տրվել, որ նոր առաջարկված

ալգորիթմը նակٳ է ավելի ճշգրիտ վերականգնել համապատասխանեցնող
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արտապատկերٳմը, նախապես չٳնենալով համապատասխանեցնող

արտապատկերման չափը («ավելորդ» հատկանիշների քանակը), համեմատած

դասական մեթոդների հետ, որոնք մոտարկٳմ են արտապատկերٳմը միայն

արտապատկերման չափը նախապես ֆիքսելٳ դեպքٳմ։

7. Առաջարկված մեթոդների ճշտٳթյٳնը և հաշվողական իրագործելիٳթյٳնը

ցٳցադրվել են արհեստականորեն գեներացված և իրական տվյալների

շտեմարանների վրա։
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РЕЗЮМЕ

Галстян Тигран Ваагнович

Статистическая и вычислительная сложность проблемы

определения отображений для сопоставления признаков

В диссертации получены следующие результаты:

1. Разработаны средства оценки для проблемы определения отображений, ожидаемая

ошибка которых меньше заданного уровня α при минимально возможных

ограничениях на параметр помехи θ# и уровень шума σ#.

2. Введена основанная на данных процедура для оценки количества выбросов для

любого случая проблемы определения отображений, с выбросами присутствующими

в обоих наборах данных.

3. Полученная в результате задача оптимизации была сформулирована как задача

потока с минимальной стоимостью в графе, и было показано, что ее можно

эффективно решить вычислительно.

4. Было показано, что в многомерной постановке проблемы, если отношение

сигнал/шум превышает 5(d log(4nm/α))1/4, то истинное отображение сопостовления

может быть восстановлено с вероятностью 1− α.

5. Показано, что при наличии выбросов скорость разделения для LSL (3) является

минимаксно-оптимальной.

6. Экспериментально показано, что наша основанная на данных процедура

определения отображения для сопоставления признаков без дополнительной

информации перед сопоставлением дает результаты, аналогичные более

классическим алгоритмам, которым в качестве входных данных был задан

истинный размер сопоставления.
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7. Достигнутые результаты и вычислительная осуществимость предложенных

алгоритмов были проиллюстрированы на синтетических и реальных данных.
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